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o 

^ ^ ' Abstract. The multiple zeta values are multivariate generalizations of the 

in values of the Riemann zeta function at positive integers. The Bowman-Bradley 

t^, theorem asserts that the multiple zeta values at the sequences obtained by 

■^r ' inserting a fixed number of twos between 3, 1, . . . , 3, 1 add up to a rational 

' multiple of a power of tt. We show that an analogous theorem holds in a very 

Oi ' strong sense for finite multiple zeta values, which have been investigated by 

Hoffman and Zhao among others and recently recast by Zagier. 

H 



X 



1. Introduction 



1.1. Finite multiple zeta values. The multiple zeta values and multiple zeta-star 
values are real numbers defined by 
> 

O' c{ki,...,kn)= 2^ —^ 

\0 ! mi>->m„>l "^1 

(N ■ 1 

3: mi>.3:„„>i"^i •••™« 

m 

for positive integers fci, . . . , fc„ with fci > 2. They are generalizations of the values 
of the Riemann zeta function at positive integers and are known to be related to 
number theory, algebraic geometry, combinatorics, knot theory, and quantum field 
theory among others. Research on these numbers has mainly been focused on their 
^ I numerous linear and algebraic relations; see for example [3J [T^ and the references 

therein for an introduction. 

Hoffman [4j and Zhao [TT] among others developed a theory of modulo p values, 
for primes p, of the finite truncations of the above-mentioned infinite sums, where 
the indices are all restricted to be less than p. Following an idea of Zagier [7] , we 
look at the truncations in the ring A = ([{„ ^/p^)/(®p ^/p'^), where p runs over 
all primes; the elements of A arc of the form {ap)p, where Op G Z/pZ, and two 
elements (op) and (bp) are identified if and only if ap — bp for all but finitely many 
primes p. Note that ^ is a Q-algebra. We shall simply write Op for (op) since no 
confusion is likely. 
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Definition 1.1. For positive integers fci, . . . , fc„, we define 

0(fci,...,fc„) = X! ~fel feT ^ -^' 

C:^(fcl,...,fc„) = ^ — ^;^^ feT^-^' 

p>mi >--->m„>l -L '^ 

and call them finite multiple zeta(-star) values in this paper. 

The finite multiple zeta(-star) values are similar to multiple zeta(-star) values 
in many respects as we shall see in this paper. They do, however, have some 
differences, of which one of the most striking is the following: 

Proposition 1.2. We have C,A{k) = CjiXk) = for all positive integers k. 

Proof. Let p be an arbitrary prime larger than k + 1. Taking a primitive root a 
modulo p, we have 



1 v-^ 1 l-a^'^^P^'-' 
— r=> — r = — ; z — =0 (modp). 



^ — ' m 

m—l i—0 



Since we have proved that X]m=i fn '^ — (mod p) for all but finitely many primes 
p, it follows that CA{k) = CA(fc) = in ^. D 

1.2. Bowman-Bradley theorem. Bowman and Bradley [1] proved that the mul- 
tiple zeta values at the sequences obtained by inserting a fixed number of twos 
between 3, 1, . . . , 3, 1 add up to a rational multiple of a power of tt; Kondo, Tanaka, 
and the first author [9] obtained the same result for multiple zeta-star values. Let 
{ai, . . . , a;}™ denote the m times repetition of the sequence ai, . . . , a;: 

{ai,...,ai}™ =ai,...,ai,...,ai,...,ai. 

V ' 

Im 

For the empty sequence 0, we conventionally set C(0) — C*(0) = 1- 
Tiieorem 1.3 ([Tl|5]). For all nonnegative integers m and n, we have 

J2 C({2}"", 3, {2}"S 1, {2}"^ ... ,3, {2}"-"-S 1, {2}"-") e ^^^"+2", 

no , . . . ,n2m>0 

J2 C({2}"^ 3, {2}"S 1, {2}"% . . . , 3, {2}"^"-S 1, {2}"^") e Q7r4"+2". 

E2m 

The theorem is a common generalization of the previously known results that 

C({3, 1}"), C({3, 1}™) e Q^4", C({2}"), C({2}") e Q^^™ 

for all nonnegative integers m and n. 

For finite multiple zeta(-star) values, Hoffman [4, Equation (15)] proved that 

for all positive integers a and n, and Kaneko [6 conjectured that 

a({3,in = a({3,in = o 



THE BOWMAN-BRADLEY TYPE THEOREM FOR FINITE MULTIPLE ZETA VALUES 3 

for all positive integers m. Our aim in this paper is to show that Kaneko's conjecture 
is true in a very strong sense. The following theorem is a corollary of our main 
theorem: 

Theorem 1.4. If a and b are odd positive integers and c is an even positive integer, 
then for all nonnegative integers m and n with (m,n) ^ (0,0), we have 

J2 a({c}"°, a, {cr\b, {c}"^ ...,«, {4"— , &, {c}"-) 

no,...,n2m>0 

= E a({c}"^a,{c^^&,{cr^...,a,{c^— ,6,{cr™) 

nQ,...,n2m^0 

= 0. 

Setting a — 3, b — 1, and n = in Theorem ll.41 we get Kaneko's conjecture. 

1.3. Statement of the main theorem. To state our main theorem, we find it 
convenient to use an algebraic setup, due to Hoffman f7 in the case of C and C*- 
Let i3^ = Q{zi, Z2, ■ ■ ■) denote the noncommutative polynomial algebra in countably 
many variables. The product in on i^^, due to Muneta [TU], is the Q-bilinear map 
m: Sy^ X S)^ ^ S^^ defined inductively by 

\mw — wml = w^ ZkW m Zk'w' — Zk{w m Zk'w') + Zk'{zkW in w') 

for w,w' G io^ and k,k' E TL>\- 

Example 1.5. We have 

Zfc m z; = ZfeZ/ + z;Zfe, Zfc in z/Z// = z^zizy + z;ZfcZ// + z/Z/zZfe 

for fc, I, V G Z>i. 

Define Q- linear maps Z_4, Z_4 : f)^ — > y^ by setting 

Za[^) - Za(\) = 1, 
Z^(zfei ■■■Zki) = C.4(fci,---,fc/), ZA{zk^ ■■■ Zki) = Ci(fci,...,fc/). 

For {m,n) G Z>q \ {(0,0)}, let /,„^„ denote the set of all sequences 

a = (ai, . . . , a,„; 6i, . . . , b„i; ci, . . . , c„) 

where ai , . . . , a,„ and 6i , . . . , 6,„ are odd positive integers and ci , . . . , c„ are even 
positive integers. For a = (ai, . . . , a^; &i, . • . , &m; ci, . . . , c„) G /„,„, set 



P6©n 



where ©; is the symmetric group of degree /. 

Theorem 1.6 (Main theorem). For all {m,n) G Z>q \ {(0,0)} and a G Im,n, we 
have Z^iza) = ^^(^^o) = 0. 
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Proof that Theorem \1.6\ implies Theorem \1.4\ Put a = (a, . . . , a; 6, . . . , &; c, . . . , c) £ 
Im,n- Then since 

Za= ^ ZaZb-- ■ ZaZbmZc- ■ ■ Zc = rnl'^nl{zaZb)"^ mz", 

pee„ 

Theorem 11.61 shows that Z^((zaZf,)™ m z") — Z^((zaZb)™ m z") = 0, which is 
equivalent to Theorem II .41 D 



2. Proof of the main theorem 

2.1. Outline of the proof. For (m, n) G Z?,q \ {(0,0)}, write Pm,„ for the state- 
ment that ZjiXza) = Zj\^{za) = for all a e Im,n- Then the main theorem says 

>0 



that Pm,n is true for all (m, n) G Z?,q \ {(0, 0)}. Our proof consists of the following 



four lemmas: 

Lemma 2.1. The statement Pq^i is true for all positive integers n. 

Lemma 2.2. Suppose that m is a positive integer such that Pm,,o is true. Then 
Pm,n is true for all nonnegative integers n. 

Lemma 2.3. Suppose that m is a positive integer such that Pm'.n is true whenever 
m' is a positive integer less than m and n is a nonnegative integer. Then Zj\^{za) + 
ZA^Za) = for all a G I„ifl. 

Lemma 2.4. Suppose that m is a positive integer such that Pm' ,n is true whenever 
m' is a positive integer less than m and n is a nonnegative integer. Then Zj^i^Za) = 
ZA{za) for all a G /,„,o- 

It is easy to see that the lemmas imply the main theorem. 

2.2. Proof of Lemma 12.11 Although Lemma [2.11 is a direct consequence of [H 
Theorem 4.4], we give a rather detailed proof of the lemma for the convenience of 
the reader, partly because our notation differs from that of [4] and partly because 
some of the concepts introduced will also be necessary afterwards. 

Definition 2.5. The harmonic products * and 5 on i^^ are the Q- bilinear maps 
*,S:i3^xJo^— >f)^ defined inductively by 

1*W = W*1— W, ZkW * Zk'w' — Zk{w * Zk'w') + Zk'{zkW * w') + Zk+k'{w * w'), 

l*w — w * 1 — w, ZkW 5 Zk'w' = Zk{w * Zk'w') + Zk'{zkW * w') — Zk+k'iw 5 w') 
for w,vu' G io^ and k, k' G Z>i. 
Example 2.6. We have 

Zfc * Z/ = ZkZl + ZlZk + Zk+U Zk* Zl = ZkZl + ZlZk - Zk+l 

for fc, I G Z>i. 

We remark that S)^ is a commutative Q- algebra with either * or 5 as its product. 
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As illustrated by 



\p>m>l I \p>n>l / 



I Z^ Z^ 2-^ \ m^n^ 

\p>r?i>n>l p>n>?7i>l p>m— ?i>l/ 
= C-4(fc, + C^(^ fc) + 0(^ + = Za^Z^Zi + Z;Zfc + Zfc+i) 
= Z^(zfc * Z;), 

the harmonic products have been defined so that Z^ and Zj^ are respectively a *- 
and S-homomorphisni: 

Proposition 2.7. T/ie maps Z_4, Z^ : i^-'^ — ^ ^ are respectively a *- and *-homomorphism, 
i.e. Zj[{w*w') — Zj[{w)Zj[{'w') and Zj[{w*w') = Zj,(w)Zj,(w') for all w, w' £ S)^ . 

Recall that a partition of a set X is a family of pairwise disjoint nonempty subsets 
of X with union X. 

Proposition 2.8 (jlj Theorem 4.4]). Let fci, . . . , fc„ he positive integers. Then 

Z^izki m---mzkj ^ Z^izki m ■ • • m Zfe„) := 0. 

Proof. Observe that 

n is a partition of {1, ... , n} 



apply Zj, and use Propositions 11.21 and 12.71 to obtain 

Y. ^4m ^E.e^fe.)=0- 

n is a partition of {1 , n} \ AeU / 

This shows by induction on n that Z^ (z^ ^ in • • • in Zk„ ) = whenever fci , . . . , fc„ are 
positive integers. The other equation Zj^{zk-^ in ■ • • in z^^) = can be proved in a 
similar fashion by using i instead of *. D 

Proof of Lemma \2.1\ Immediate from Proposition l2.8l D 

2.3. Proof of Lemma l2.2l Before presenting a proof for general m, we look at the 
simple case of to = 1. We prove by induction on n that Zj^{zaZ})mZc^m- ■ •inzc„) = 
for all (a; 6; ci, . . . , c„) G /i,„, assuming the base case n = 0. Let n > 1 and suppose 
that the claim is true if n is smaller. Let (a; 6; ci, . . . , c„) G Ii.n- Apply Zj^ to the 
identity 

ZaZb * (zci in • • • in Zc^) = ZaZb m Zci m • ■ • ill 2;c„ 

+ Y ^'^+<'^ ^fc ™ m ^c, + XI ZaZb+c, 2 ni ^cJ 

+ 2^ I ^a+c, Zb+cj lU in ^Cfc I 

and use the inductive hypothesis to obtain 

= ZA{zaZb)ZA{zcx m • • • m Zc„) = Z_A{zaZb m Zci m • • • ill Zc^). 
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The key to the proof for general m given below is to find a generalization of the 
above identity for m>2. 

Proof of Lemma \2.'2\ We prove P„i,n by induction on n, assuming the base case 
n = 0. Let n > 1 and assume P„i_„' for all integers n' with < n' < n. We 
only prove that ^^(^a) = for aU a = (ai, . . . , a^; 6i, . . . , 6„i; Ci, . . . , c„) G /„,„, 
because Zj\^{za) = can be proved in a similar fashion. 

Let G be a spanning subgraph, with all degrees at most 1, of the complete 
bipartite graph on the vertex set {ai, 6i, . . . , a™, bm} U {ci, . . . , c„}; the 2m + n 
vertices are regarded as distinct even if some of them are equal as integers. Define 
o^ = ai if the vertex ai is isolated; a'^^ = at + Ck if the vertices ai and Ck are 
adjacent. Define 6' in a similar manner. Write c'l, . . . ,c[ for the isolated vertices 
among ci , . . . , c„ . Then we have 

ZaiZbi ■ ■ ■ Za^Z-t,^ * (z^i in • • • fS Z^J = ^{Za'^Z^^ ■ ■ ■ Za'^Zi,,^ m Z^'^ m ■ ■ ■ m 2c;), 

G 

where G runs over all such subgraphs. 

Replacing a^ with a„ri\ and bj with 6r(j), ^md summing over all cr,T Cz ©m, we 
obtain 

^(ai,...,a„;bi,...,6,„;0) * (^ci m • • • ni Zc„ ) = / , ^(g', ,...,at^ ;&', ,...,&'„ ;c'i ,...,c;) ■ 

G 

Let us see what happens when we apply Z_4 to this equation. The left-hand side is 
obviously 0. In the right-hand side, the graph G with no edge yields Zj\{za) and all 
the other terms vanish by the inductive hypothesis because {a'l, . . . , a^; 6^, . . . , 6^; c'j^, . . . , cj) e 
Im,i with I < n when G has at least one edge. Hence we conclude that Zj^{za,) = 
0. ' D 

2.4. Proof of Lemma [2731 

Proposition 2.9 (T, Theorem 4.5]). iei fci, . . . , A:„ &e positive integers. Then 

a(fc„, . . . , fci) - (-i)'=^+-+'="a(fci, . . . , fc„), 

a(fc„, . . . , fci) = (-i)'=^+-+'="a(fci, . . . , fc„). 

Proof. We have 



C^(fc„,...,A:i) 



V^ 1 



TO„" • • • m^ 



P>rMji>--->T7li >1 



p>™,> >™„>1 ^P ~ ™")'" • • • (P - '^l)'' 



f_l\ki+---+k„ y^ 



= (-i)'^+-+'"a(fci,.-.,fcn). 

The other equation can be proved in the same manner. D 

Definition 2.10. Define a Q-linear transformation d: Sj^ -^ ^^ by setting d{l) = 1 
and 

n 

d{Zki ■ ■ ■ Zk„) ^ 22 Z2 ^fci(3+i+---+'=n ■ ' ■ ^fe.„_i + i+-+fei™ 

?n— 1 0—iQ<Cii<---<im—n 
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for positive integers /ci , . . . , fc„ . 

Example 2.11. We have d{zk) — Zk and d{zkzi) = ZkZi + Zk+i- 
As illustrated by 

p>7n>n>l \p>?Ti>?i>l p>77i— n>l/ 

= C,A{k,l) + C,A{k + l) = ZAizkZi + Zk+i) = ZA{d{zkZi)), 

the transformation d has been defined so that Za ~ Za ° d: 

Proposition 2.12. We have Za — ZA°d, i.e. Za{w) — Z_4((i(u))) for all w G Sj^ . 

Lemma 2.13. Let fci, . . . , fc/ be positive integers, where I > 1. Then 
I 
^{-iyd{zk^ •••^/ci)*2fc,+i ■■■Zki=0. 

3=0 

Proof. The lemma is proved in [51 Proposition 7.1]; it also follows from [51 Propo- 
sition 6], where our d is denoted by S and the coefficient (—I)-' is missing. D 

Remark 2.14. When I — 0, the left-hand side of the equation in Lemma [2 . 1 31 should 
naturally be interpreted as 1 rather than 0, hence the odd-looking assumption that 
I > 1. 

For k e Z>o, we write [fc] = {i G Z | 1 < i < k}. For sets X and Y of the same 
cardinality, we write Bij(X, Y) for the set of all bijections from X to Y. 

Proof of Lemma \2.3[ Let a — (ai, . . . ,a„i; 6i, . . . , 6^; 0) £ Im,a- Then for each 

(cr,T) e ©„, applying Lemma[2J3jto I = 2to and (fci, . . . , fc;) = {a„(^i^,br(^i), ■ ■ ■ ,a„,^,n),K(m)) 

gives 

m 
i=0 



1=1 

= 0. 
By summing over all {a, r) £ ©^^ and applying Za, we obtain 

rn 
E E Ci(^T(i),acr(i), . . . ,&T(l),ao-(l))C-4(aa-(i+l),^T(i-fl),- ■ • , ao-(m), &T(m)) 

i — a,T^&rn 

ni 
- E E Ci("cr(j),&T(i-l),ao-(i-l), . . . ,6r(l),acr(l))Cyt(^r(i),aCT(i+l),&T(j+l),- ■ • , ao-(m), fer(m)) 

= 0. 

For simplicity, we write the left-hand side as X^Ho ^* ~ SHi Qi- Since Po = 
^^(•2a) and Pm ~ ZA{za) by Proposition 12.91 it suffices to show that P^ = for 
i = 1, . . . , TTi — 1 and Qi = for i = 1, . . . , to. 
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For i = l,...,77T, — 1, we have 



<y,re6r. 



z2 [ z2 CAiK'{i),a^'{i),---,K'{i):a^'{i))\ 

Bchn] Ka'GBum.A) ) 



A,Bc[m] \CT'GBij([i],A) 
^A=i^B=i r'GBij([i],B) 

x( 2^ 0(acr"(l),^r"(l), ■ • ■ ,acr"(m-i),^r"(m-i)) I 

\rT"GBij([m-i],[m]\A) / 

T"eBij([m-i],[m]\S) 

= 
by the hypothesis. In a similar fashion, for i = 1, . . . , tti, we have 

Qt = 2^ Ci(aCT(i),&r(i-l),acr(i-l), ■ • ■ ,&T(l),aCT(l))C-4(fcr(i),a(T(i+l),^T(i+l), • ■ • ,acr(m),&r(m)) 
o",rG©m 

= 2^ I 2^ Cj4(a(T'(i),^r'(i-i),a(T'(i-i), • • •,^T'(i),aCT'(i)) 1 

A,BC[m] V o-'eBij([i],A) / 

#A=i r'eBij(fi-ll,B) 
#B=i~l 

x( 2^ C^(^T"(l),acr"(l),''r"(2), ■ • ■ ,acr"(m-i),&r"(m-i+l)) J 

\ cr"eBij([m-J],[m]\A) / 

r"eBij([m-i+l],[m]\S) 

= 

because of Proposition 12.91 and the assumption that ai, . . . , a„n bi, . . . ,bm are aU 
odd, and the proof is complete. D 

2.5. Proof of Lemma l2.4l Let oi , . . . , a,„ and hi, . . . ,b„ihe positive integers, and 
write X for the multiset consisting of the 2m positive integers. For P C X, denote 
by s{P) the sum of the elements of P; denote by Ha{P) and fJ.b{P) the numbers of 
a's and &'s contained in P respectively; define |P| = ^aiPV-f^biPy-- 

Write P for the set of all partitions 11 of X such that \^a{P) — f^biP)] < 1 for 
every P e H. For H G V, write H = {Ai, . . . ,Ak,Bi, . . . , Bk,Ci, . . . , CJ where 
Ma(^i) - fJ-biAi) = 1, Ha{Bi) - Hb{Bi) = -1, and fJ-aiCj) = fJ-biCj), and define 

\Pen / CT^reefc 
Example 2.15. If m = 1, then V consists of the following two elements: 

• Hi consisting of Ci ~ {ai,6i}, for which zn^ = Zaj+b^; 

• 112 consisting of A\ = \a\\ and B\ = {6i}, for which zuj — ZaiZb^- 
We thus have 

If m = 2, then V consists of the following 12 elements: 

• Hi consisting of Ci = {ai, 61, 02, 62}, for which zn^ = 4zai+bi+a2+&2; 

• 112 consisting of Ai — {ai, 61, 02} and Bi = {&2}, for which ZU2 = '^Za^+bi+a-iZbi', 
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• lis consisting of ^1 = {ai, 62,02} and Bi = {61}, for which zu^ — 2zai+62+a2^bi; 

• 114 consisting of Ai = {ai} and Bi — {61, 02, 62}, for which zu^ — 2za-iZb^+a2+b2j 

• lis consisting of Ai = {02} and Bi = {61, ai, 62}, for which zu^ — 2za2Zbi+ai+b2] 

• Xlg consisting of Ci = {oi, &i} and C2 = {02, 62}, for which zng = ^ai+bi 2i 

^02+62 i 

• 117 consisting of Ci = {ai, 62} and C2 = {a2, 61}, for which zn^ = Za-^^^b^ m 

^02+61 , 

• Ilg consisting of Ai = {ai}, Bi = {bi}, and Ci = {a2,b2}, for which 
Zug — Z(i-^z\y-^ in Za2-t-fc2 7 

• Ilg consisting of Ai — {ai}, Bi ~ {62}, and Ci = {02,61}, for which 

Zjlcj — Za-i Zb^ ni Za-2+h-i , 

• IIio consisting of Ai ~ {02}, Bi = {61}, and Ci — {ai,&2}, for which 

^^Hio — Za2 ^61 m ^ai+62 , 

• IIii consisting of Ai = {02}, Bi ~ {^2}, and C'l — {ai,&i}, for which 

Zllii = Za2Zb2 HlZai+biJ 

• ni2 consisting of Ai = {oi}, A2 = {02}, Bi = {61}, and B2 = {&2}, for 

WniCn Zji^^ — Z(i^ZbiZQ^2Zb2 1 ZaiZb2Za2Zbi i Za2ZbiZaiZb2 \ Za2Zb2ZaiZb^ . 

Wc thus have 

ZUi ^ 2_^ ^a„(i)+6^(i)+a„(2)+6T(2)' 
cr,TG©2 

^n2 + ^^Ha = _2^ Za^jjj+b^jjj+a^j^jZf,^^^), 
CT,Te62 

ZUi + ZUs = 2_^ ^a„(i)26^(jj+a^(2j+6^(2j, 
cr,T£62 

ZHe + ZUy = / ^ Za^^y^+br^r)^a„f^2)+br(2)^ 
<y,T£&2 

' ' I Zllii — / ^ V^a„(i)+b^(i)^a<,(2)2bT(2) + ^a„(i) ^6^(1) +a„(2) ^6,-(2) + ^a„(i) ^6^(1) 2a„(2)-|-6x(2) ji 

<'',t6©2 



^Hs 



-^ni2 — 7 ^ ^0^(1) ^6^(1) ^0^(2) ^6^(2) 

<'',tS62 

and so 

/ , ^n = 2_^ '^(^a,j(l)^''T(l)^aCT(2)^''T(2)) 

nep cr,ree2 

Lemma 2.16. We have 

IleV <y,Te&m 

Proof. Succinctly speaking, the left-hand side is the expansion of the right-hand 
side. To be more precise, for each 11 G 'P, each monomial w that appears in the 
expansion of zn appears in the right-hand side exactly as many times as there are 
pairs {a, r) £ ©^ for which d{Za^,^sZb^,^. ■ ■ ■ Za^,.Zb^,.) gives rise to the monomial 
w; the number of such a is Hpen Ma(^)' ^^'^ the number of such r is Open f^b{P)^-, 
from which it follows that the number of such pairs (cr, t) is 



n Ma(p)! • n ^'^(py■ = n i^i 

Pen Pen Pen 
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This proves the lemma. D 

Proof of Lemma \K4\ Let a — (ai, . . . , am', bi, . . . ,bm',9) G Im,o- Then Lemma [2. 161 
shows that 

ZA{Za) = ZA{d(Za)) = ^ ^^(zn)- 

If n = {{ai}, . . . , {a,„}, {bi}, . . . , {6m}}, then zu — z^, otherwise, zn is an integer 
multiple of Zb for some b e Ui<m'<m U„>o-^™':»' ^^'^ ^^ Z^izn) = by the 
hypothesis. It follows that Z_4^{za) = Zj,{za)- □ 
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